Static and dynamic properties of matter-wave solitons in dense Bose-Einstein condensates, where three-body interactions play a significant role, have been studied by a variational approximation (VA) and numerical simulations. For experimentally relevant parameters, matter-wave solitons may acquire a flat-top shape, which suggests employing a super-Gaussian trial function for VA. Comparison of the soliton profiles, predicted by VA and those found from numerical solution of the governing Gross-Pitaevskii equation shows good agreement, thereby validating the proposed approach.
Introduction
The existence and properties of solitons in Bose-Einstein condensates (BEC) has been the subject of considerable interest over the recent decade (for a review see articles 1 and books 2,3 ). All of the main types of matter-wave solitons, such as dark 4 , bright 5 , and gap 6 , have been observed in the experiments. Dark solitons emerge in a BEC with repulsive interactions between atoms (nonlinearity is defocusing), while for the existence of bright solitons the interatomic interaction has to be attractive (nonlinearity is focusing). Gap solitons develop in repulsive condensates loaded in periodic potential of the optical lattice. While in homogeneous condensates solitons exist due to the balance between nonlinearity and dispersion, in a repulsive BEC subject to a periodic potential of the optical lattice, gap solitons come out of the interplay between nonlinearity and periodicity of the medium.
Nowadays the conditions for the existence of these main types of solitons are usually created in magnetic and optical traps for cold quantum gases 7 . Meantime, the experimental techniques for trapping and manipulation of BEC's are progressing and novel conditions for the localized matter-waves are emerging. In this regard, development of atom chips for BEC's 8 and further advances in Feshbach resonance management of atomic interactions 9 can be mentioned as two important examples. Specifically, the atom chip technology combined with techniques to suppress three-body recombination 10 allows to produce long-lived condensates with increased density, where the contribution of three-body scattering is dominant. On the other hand, even in condensates with normal density, inhibition of the two-body s-wave scattering length by a Feshbach resonance technique gives rise to enhanced role of the three-body effects. In these conditions the governing mean-field GrossPitaevskii equation (GPE) for the dynamics of BEC includes higher order nonlinear terms, alongside with the usual cubic term. As a consequence, localized matterwaves exhibit novel features both in their shape and dynamic behavior, compared to matter-wave solitons of the conventional GPE.
In this work we focus on a specific class of bright solitons, so called "flat-top" solitons, which remain less explored in the context of BEC. Flat-top solitons in BEC's emerge when the repulsion between atoms, originating from three-atom collisions, prevails the attraction resulting from two-atom interactions. In terms of the governing GPE, this implies that the defocusing quintic nonlinearity is stronger than the focusing cubic nonlinearity. In the experiments such a situation is realized when the density of the condensate is high, for instance in BEC's on atom chips, or when the usual two-body interactions are suppressed by means of a Feshbach resonance technique. The properties BEC described by GPE with cubic-quintic nonlinearity and generic trap potential can be explored using the Lagrangian formalism. Our objective is the development of a Lagrangian based variational approximation (VA) for flat-top solitons using the super-Gaussian trial function. Static version of the VA provides stationary shape of the soliton, while the time-dependent version can be used for studying small amplitude oscillations around stationary states.
The paper is structured as follows. In section II we formulate the model and present the governing equations. In sections III and IV, respectively, the static and dynamic versions of the VA have been developed. In concluding section V we formulate our main findings. 
The model and main equations
The dynamics of a quasi-1D Bose-Einstein condensate with two-and three-body interactions, confined to an external trap potential, is described by the following Gross-Pitaevskii equation (see e.g. 11,12 )
where ψ(x, t) is the mean-field wave function of the condensate, m is the atomic mass, g 1 = 4π 2 a s /m is the coefficient of cubic nonlinearity with a s being the atomic s-wave scattering length, characterizing the strength of two-body interactions, g 2 is the coefficient of quintic nonlinearity responsible for three-body interactions, a ⊥ = /mω ⊥ is the transverse harmonic oscillator length, N is the number of atoms comprising the BEC, and V (x) = mω 2 x x 2 /2 is the harmonic trap potential in the axial direction. Strengths of the trap potential in the axial and radial directions are given, respectively, through the trap frequencies ω x and ω ⊥ .
In deriving the Eq. (1) from the original 3D GPE it is assumed that the transverse confinement of the condensate is strong enough, so that its radial degrees of freedom are fixed. In this condition characteristic energies of the transverse excitations ω ⊥ are much greater than the energy from the nonlinear term E int = 4π 2 a s n 0 /m, where a s , n 0 , m are the atomic s-wave scattering length, peak density of the condensate and the atomic mass, respectively. Therefore, the dynamic evolution of the condensate is possible only in the axial direction, while in the radial direction it remains in the ground state of the strong parabolic trap (transverse dynamics is frozen). Alternatively, the criterion for the one-dimensionality of BEC can be expressed as /mω ⊥ >> ξ = (4πn 0 a s ) −1/2 , which can be understood as the radial harmonic oscillator length being much greater than the healing length (for 87 Rb: a s = 5.6 nm, n 0 = 10 14 cm −3 , m = 1.45 × 10 −25 kg, ξ = 0.4 µm). The wave function is subject to the normalization condition,
For convenience we reduce the Eq. (1) into dimensionless form by adopting new
It is instructive to estimate the experimentally realistic values for the main parameters α and β in Eq. (3). According to data of 12 for 87 Rb condensate g 1 ≃ 5
× 10 −11 cm 3 /s, g 2 ≃ 4 × 10 −26 cm 6 /s, i.e. both nonlinear terms in Eq. (1) are positive (repulsive). However, in our case for the existence of selftrapped localized matter-waves we assume that the coefficient of cubic nonlinearity
2 a s /m is shifted to negative (attractive) domain via change of the s-wave scattering length a s by a Feshbach resonance technique. The strength of transverse confinement used in matter-wave soliton experiments 5 ω ⊥ = 700÷800 s −1 provides a ⊥ ∼ 1 µm. Then, for the number of atoms in 87 Rb BEC N ∼ 10 4 we get the following values for the dimensionless coefficients of cubic and quintic nonlinear terms
In subsequent numerical simulations we employ the above estimates for the coefficients.
Exact one soliton solutions of Eq. (3) in the absence of external potential (U (x) = 0) were found in Ref. 13 . For the case of self-focusing cubic (α > 0) and defocusing quintic (β > 0) nonlinearities, under normalization condition (2), the solution is
where q and µ stand for the wave vector and chemical potential. In presence of a trap potential the Eq. (3) does not have analytic solution, and therefore one has to recourse to approximate methods. It is appropriate to mention, that cubic-quintic nonlinear Schrödinger equation (3) with flat-top solutions appears in a variety of physical contexts in nonlinear optics 14,15,16 , fluid dynamics 17 , plasma physics 18 and BEC 19 . Recently it was considered as a model equation describing bright solitons in the Tonks-Girargeau gas with dipolar interactions 20 . Therefore, the variational approach developed in this paper is of general interest for the above mentioned fields.
Static variational approximation
The variational approximation represents one of the important theoretical tools for investigation of solitons in non-integrable models 21 . The success of VA essentially depends on the proper choice of a trial function. In particular, significant progress has been made with application of VA to nonlinear Schrödinger (NLS) type equations with cubic nonlinearity, employing Gaussian and hyperbolic secant trial functions. However, when the higher order nonlinear terms are included in the NLS equation, the shapes of localized states may significantly deviate from the above mentioned functions, and one has to consider other options. The possibility to perform analytic calculations is the major issue in selection of a trial function.
For the NLS with competing cubic and quintic nonlinearities, when the soliton features a flat-top shape, a super-Gaussian 22 and super-secant 23 trial functions were shown to be appropriate for the description of self-trapping of laser beams in two-dimensional (2D) cubic-quintic nonlinear media. The behavior of soliton solution of the NLS equation with arbitrary nonlinearity near the blow-up point was investigated in 24 by means of VA based on a super-Gaussian trial function, and accurate estimate for the critical blow-up mass was found. Among other successful applications of the super-Gaussian trial function, description of the pulsating localized solutions of the cubic-quintic complex Ginzburg-Landau equation 25 and stationary solutions to the NLS equation in a parabolic-index fiber 26 , can be mentioned.
Although the Eq. (3) without external potential (U (x) = 0) has exact one soliton solution (4), in Ref. 27 a variational approximation using the Gaussian trial function was developed for this case. Justification for the construction of VA when the exact soliton solution is available, can be found in some advantages provided by the VA in the analysis of existence and stability of solitons. For instance, when both of the nonlinear terms in Eq. (3) are focusing, the localized wave undergoes collapse (unlimited shrinking) if the norm of the wave function exceeds some critical value. The VA with a Gaussian trial function accurately predicts the corresponding threshold norm (the solution ceases to exist at this value of the norm) 27 . Furthermore, simple analytic relations between parameters of the localized state provided by VA facilitates its stability analysis by means of the Vakhitov -Kolokolov criterion 28 .
However, the Gaussian trial function restricts the validity of the developed VA to specific areas of the parameter space of Eq. (3), since it is adequate only if both nonlinear terms are focusing, or when the effect of repulsive quintic term is weak compared to the attractive cubic one. In the opposite situation the localized solution acquires a flat-top shape, and one has to consider a different trial function. With this motivation in mind below we develop the VA for Eq. (3) using a super-Gaussian trial function, and apply it for the analysis of static and dynamic properties of flat-top matter-wave solitons.
Stationary wave profile in a free space
It is instructive to start with considering the variational solution of Eq. (3) in a free space and comparing the obtained wave profile with the available exact one soliton solution (4) . The aim here is twofold. Form one side we can thereby check the accuracy of the VA, and from the other side, useful relations between soliton parameters will be obtained.
In absence of external trap potential the governing equation has the following form
Although the coefficient of cubic nonlinearity α can be rescaled to one by transformations ψ → √ αψ and β → β/α 2 , we retain it for convenience of the time dependent VA to be considered later. The stationary states, which are looked for as ψ(x, t) = φ(x) exp(−iµt), satisfy the following equation
The Lagrangian density generating this equation is
Since the typical localized solutions of Eq. (5) for competing nonlinearities (attractive cubic and repulsive quintic) are the "flat-top" solitons, we employ a super-Gaussian trial function
with A, a, m being the variational parameters, corresponding to the amplitude, width and super-Gaussian index of the soliton, respectively. The averaged Lagrangian L = ∞ −∞
Ldx computed with this ansatz is
where Γ(x) is the gamma function, and the notation M = 1/2m is introduced.
The stationary values for the amplitude (A), width (a) and reduced super-Gaussian index (M ) of the wave profile are found from the variational equations
Straightforward calculations, with taking into regard the above mentioned normalization
yield the following relations between variational parameters
where
is the digamma function 29 (not to be confused with the wave function). The Eqs. (12)- (15) are sufficient to determine the four parameters of the localized state (A, a, m, µ). An example of stationary solution of Eq. (5) for a particular set of parameters is presented in Fig. 1 . As can be seen from this figure the agreement between the exact and VA wave profiles for the flat-top soliton is quite good.
An important observation following from the above analysis is that, in the flattop regime the super-Gaussian index M (and therefore m = 1/2M ) for the soliton does not depend on the coefficient of cubic nonlinearity α. In fact this is the manifestation of above mentioned rescaling property of Eq. (5). This property later will be used in construction of the time-dependent VA. In the next subsection we extend the static VA for the case when the flat-top soliton is confined to a harmonic trap. 
Flat-top soliton in harmonic trap
Usual experimental settings for BEC involve magnetic or optical traps designed for holding and manipulation with matter-waves. In a confining trap potential the soliton experiences deformation to some extent with respect to the free space condition. Below we consider the harmonic trap potential U (x) = ε x 2 in Eq. (3) and derive corresponding VA equations.
The Lagrangian density generating the Eq. (3) is
and the corresponding averaged Lagrangian computed with the super-Gaussian ansatz (8) has the form (17) Application of the conditions (10) to this averaged Lagrangian yields the following relations between parameters of the flat-top soliton
The effective width of the soliton is found as the root of the algebraic equation
with the coefficients
Real and positive root of the Eq. (19) is
The counterpart of the Eq. (15) for the trapped soliton has the form
In order to find the shape of the flat-top soliton confined to a parabolic trap at first we solve this equation with respect to M , substituting a from Eq. (20) . Subsequently the width a is computed from Eq. (20) using the value of M found as a root of Eq. (21). Next, the amplitude A is computed from the expression for the norm (11) , and chemical potential is found from Eq. (18) . In the left panel of Fig. 2 we illustrate the shapes of flat-top solitons for two strengths of the trap potential ε as predicted by VA, and as found from the original GPE (3) by imaginary time relaxation method 30 . As can be seen from this figure, stronger parabolic trap leads to more deformation of the soliton shape. Specifically, under the effect of a parabolic trap the flat-top soliton shrinks, while its amplitude increases. Dependence of the width (a) and super-Gaussian index (m) as a function of the strength of the trap potential (ε) is depicted in the right panel of Fig. 3 . The deviation between the results of numerical solution of the original GPE (3) in imaginary time 30 and prediction of the VA increases as the trap potential becomes stronger. However, the discrepancy for the given range of ε is less than 3 %, thus the agreement is quite good. 
Time dependent variational approximation
The time dependent VA allows to investigate soliton dynamics under external or internal perturbations, such as varying strength of the trap potential, chirp imprinting or alternating coefficient of nonlinear interaction. Below we develop the dynamic version of VA for the latter case, when the coefficient of cubic nonlinearity in Eq.
(1) is periodically varied in time, via the s-wave scattering length, by means of a Feshbach resonance technique 9 . This setting is frequently called as the nonlinearity management 2 .
For simplicity we consider the case when the trap potential is absent. In dimensionless units the governing equation has the form
where α(t) = −2a s (t)N/a ⊥ is the time dependent strength of the cubic nonlinearity.
In the following we consider the periodic α(t) = α 0 [1 + δ sin(ωt)] variation of this parameter, with the magnitude δ and frequency ω, around its stationary value α 0 .
To construct the time dependent VA we consider the following Lagrangian density, generating the Eq. (22)
While selecting the trial function we recall that for the flat-top soliton the superGaussian index m does not explicitly depend on the strength of cubic nonlinearity α, according to Eq. (15) . Therefore, when the parameter α is subject to variations, the following trail function with constant m is appropriate
where A(t), a(t), b(t) and φ(t) are the time dependent variational parameters, denoting the amplitude, width, chirp and phase of the flat-top soliton, respectively. Substituting the ansatz (24) into Eq. (23) and performing spatial integration yields the following averaged Lagrangian
where we have used the normalization condition (11) to eliminate A, and employed the notation M = 1/2m. Variation of this Lagrangian with respect to time dependent parameters a, b and φ leads to the following equation for the width of the flat-top soliton
This equation is analogous to the equation of motion of a unit mass particle in anharmonic potential a tt = −∂U (a)/∂a, with
where α 0 is the stationary value of the cubic nonlinear coefficient. The shape of this potential is depicted in the left panel of Fig. 4 . The minimum of the potential corresponds to the width of the unperturbed flat-top soliton a 0 , found from Eqs. (12)- (15) . Weakly perturbed (chirped) soliton performs small amplitude oscillations around the minimum of the potential (27) with a frequency 
is shown in the right panel of Fig. 4 . Apparently, the dynamics described by the VA Eq. (26) agrees quite well with numerical solution of the GPE (22) . The peculiarity of the dynamics is that, the fine structure due to fast internal vibrations of the soliton with a frequency (28) is superimposed upon the slow dynamics under nonlinearity management. For the parameter settings of the right panel of Fig. 4 , the frequency of internal vibrations found from numerical solution of the GPE (22) is ω 0 = 1.76, while the prediction of the VA according to Eq. (28) is ω 0 = 1.89. When the frequency of nonlinearity management is close to this frequency, the dynamics is highly irregular. Surface plot of the flat-top soliton evolving under slow nonlinearity management is shown in Fig. 5 . Numerical simulations of the GPE (22) are performed by means of the split-step fast-Fourier-transform method 31,32 in a spatial domain of length L = 8π with 2048 modes. The time step was ∆t = 0.001. To control the numerical results, we monitored the accuracy of normalization condition (2) , which showed conservation during the time evolution to precision better than 10 −3 in normalized units. To prevent re-entering of the linear waves emitted by the perturbed soliton into the integration domain, absorbers were installed at domain boundaries. To obtain the stationary profiles of flat-top solitons in external potentials for Eq. (3) we employed the imaginary-time relaxation method for finding ground states in NLSE-based models 30 . 
Conclusions
We have developed a variational approach for flat-top solitons, and employed it for the analysis of static and dynamic properties of matter-wave solitons which can exist in BEC's with significant contribution of three-body interactions. The accuracy of the developed approach has been verified by comparing the predictions of VA equations with corresponding data from the numerical solution of the governing GPE, and good agreement is found between the two results. Although the emphasis was given to BEC applications, the developed theory is general and may apply to nonlinear optics phenomena in materials with cubic-quintic nonlinearity.
